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Abstract. We show that the automorphism group Aut(yl) of a strongly self-absorbing C*-algebra 
A is contractible and that the automorphism group Aut(yl ® K) of the stabilization of A has the 
homotopy type of a CW-complex whose homotopy groups we compute. We extend the classification 
of locally trivial bundles of C*-algebras with compact operators K as fibers by Dixmier and Douady 
to the case where the fibers are isomorphic to a stabilized strongly self-absorbing C*-algebra A®]K. 

We prove that the classifying space for these bundles i3Aut(A®]K) has the structure of an infinite 
loop space with respect to the tensor product. Thus, bundles with fibers >1 ® K are classified by a 
generalized continuous cohomology theory which is computable via the Atiyah-Hirzebruch spectral 
sequence. This allows us to introduce rational characteristic classes for such bundles. A necessary 
and sufficient ii'-theoretical condition for local triviality is given for continuous fields with fibers 
A (g) K over spaces of finite covering dimension. 



Contents 

1. Introduction 1 

2. The topology of Aut{A K) for strongly self-absorbing algebras 4 

2.1. Strongly self-absorbing C*-algebras 4 

2.2. Contractibility of Aut(A) 5 

2.3. The homotopy type of Auto (A ®K) 7 

2.4. The homotopy type of Aut(A (g) K) Jg 

2.5. The topological group Aut(A (g) K) is well-pointed 13 

3. The infinite loop space structure of BAut{A (g K) 14 

3.1. Permutative categories and infinite loop spaces 14 

3.2. The tensor product of IC-bundles 16 

4. A generalized Dixmier-Douady theory 2C 
References 24 



1. Introduction 



Continuous field C*-algebras are employed as versatile tools in several areas, including in- 
dex and representation theory, the Novikov and the Baum-Connes conjectures 111, (deformation) 
quantization 37 , 27 1 and the study of the quantum Hall effect ^ . While continuous fields play the 
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role of bundles in C*-algebra theory, the underlying bundle structure is typically not locally trivial. 
Nevertheless, these bundles have sufficient continuity properties to allow for local propagation of 
interesting K-theory invariants along their fibers. Continuous field C*-algebras with simple fibers 
occur naturally as the class of C*-algebras with Hausdorff primitive spectrum. 

In 1963 Dixmier and Douady published their classic study of continuous field C*-algebras with 
fibers stably isomorphic to the compact operators IK = M.{H) {H an infinite dimensional Hilbert 
space) over a paracompact base space Dixmier and Douady proved that: 

Theorem 1.1. The isomorphism classes of locally trivial fields over X with fibers IfC form a group 
under the operation of tensor product and this group is isomorphic to H'^{X,'L). 

Theorem 1.2. If X is finite dimensional, then a separable continuous field B over X with fibers 
isomorphic to K is locally trivial if and only if it satisfies Fell's condition, i.e. each point of X 
has a closed neighborhood V such that the restriction of B to V contains a projection of constant 
rank 1. 

The corresponding characteristic class 5{B) € H^{X,Z) is now known as the Dixmier-Douady 
invariant. Most prominent among its applications is its appearance as twisting class in twisted 
i^-theorv [isl. 0, 0, Q], due to which it also gained importance in string theory as the D-brane 
charge 45|, |8|. A recent friendly introduction to the Dixmier-Douady theory can be found in 41]. 

The present paper extends the results of Dixmier and Douady to continuous field C*-algebras 
which have stabilized strongly self- absorbing C*-algebras ^(8) IK as fibers. The class of strongly self- 
absorbing C*-algebras, introduced by Toms and Winter [iol, is closed under tensor products and 
contains C*-algebras that are cornerstones of Elliott's classification program of simple nuclear C*- 
algebras: the Cuntz algebras O2 and Ooo, the Jiang-Su algebra Z, the canonical anticommutation 
relations algebra and in fact all UHF-algebras of infinite type. These are separable C*- 

algebras singled out by a crucial property: there exists an isomorphism A ^ A ^ A, which is 
unitarily homotopic to the map a 1-^ a (8) Ia, UJI, l50|. Using this property, which is equivalent to, 
but formally much stronger than the original definition of 49|, we prove that 

• Aut(j4) is contractible in the point-norm topology. 

• Aut(^ (8) IK) is well-pointed and it has the homotopy type of a CW-complex. 

• The classifying space BAut{A (8 IK) of locally trivial C*-algebra bundles with fiber A (8 IK 
carries an i^-space structure induced by the tensor product. Moreover, this tensor product 
multiplication is homotopy commutative up to all higher homotopies and therefore equips 
BAut{A (8 IK) with the structure of an infinite loop space by results of Segal and May. 

These properties mirror entirely the corresponding properties of Aut(IK) = PU{H) and SAut(IK) = 
BPU{H) obtained by their identification with the Eilenberg-MacLane spaces i^(Z,2) and respec- 
tively K{'L,'i) which we implicitly reprove as they correspond to the case A = C Recall that if X 
is paracompact Hausdorff, then H"'{X,Z) = [X, K{Z,n)], {3]. 

It is worth noting that while the obstructions to having a natural group structure on the 
isomorphism classes of locally trivial continuous fields with fiber 748) IK - such as nontrivial Samelson 
products |3Q, sec. 6] - do vanish in the strongly self-absorbing case, that is not necessarily true for 
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general self-absorbing C*-algebras, i.e. those with A = A. This motivates yet again our choice 
of fibers. In complete analogy with Theorem ll.il we have: 

Theorem A. Let X be a compact metrizable space and let A be a strongly self-absorbing C*- 
algebra. The set Bunx{A ® IC) of isomorphism classes of locally trivial fields over X with fiber 
^ (8) IK becomes an abelian group under the operation of tensor product. Moreover, this group is 
isomorphic to E^{X), the first group of a generalized connective cohomology theory E'^{X) defined 
by the infinite loop space BAut{A®M.). 

We also show that the zero group E^{X) computes the homotopy classes [X, Aut(A (g) K)] 
and it is isomorphic to the group of positive invertible elements of the abelian ring Kq{C{X) (8> A), 
denoted by Kq{C{X) ^ A)^, for A ^ C In particular, we fully compute the coefficients of E\{X), 
as they are given by the homotopy groups 



7ri(Aut(A(g)IEC)) 



KoiA)l ifi = 
Ki{A) ifi>l 



Kq{A) has a natural ring structure with unit given by the class of 1a- Ko{A)^ denotes the group 
of multiplicative elements of Kq{A) and Kq{A)^ is its subgroup consisting of positive elements. 

The Atiyah-Hirzebruch spectral sequence then allows us to obtain classification results for 
locally trivial A (8) IK-bundles over X. In the case of the universal UHF algebra Mq, bundles with 
fiber Mq IK are essentially classified by the ordinary rational cohomology groups of odd degree 
of the underlying space: 

BunxiMQ ® K) ^ Smq(^) = H\X, Q^) H^''+\X, Q). 

k>l 

A similar result holds for bundles with fiber Ooo Mq IK, see Corollary 14.41 It follows that if A is 
any strongly self- absorbing C*-algebra that satisfies the UCT, then there are rational characteristic 
classes 4 : Bunx{A O IK) ^ H^^+^{X, Q) such that ® B2) = Sk{Bi) + ^^(Bs). 

An unexpected consequence of our results is that for any strongly self-absorbing C*-algebra 
j4, if two bundles Bi,B2 G Bunx{A CS) IK) become isomorphic after tensoring with O^o, then they 
must be isomorphic in the first place, see Corollary 14.81 

Our result concerning local triviality is the following generalization of Theorem 11.21 which 
involves a iiT-theoretic interpretation of Fell's condition. 

Theorem B. Let X be a locally compact metrizable space of finite covering dimension and let A be 
a strongly self-absorbing C*-algebra. A separable continuous field B over X with fibers abstractly 
isomorphic to A (^"K is locally trivial if and only if for each point x £ X, there exist a closed 
neighborhood V of x and a projection p G B{V) such that \p{v)] € Kq{B{v))^ for all v 

The condition that X is finite dimensional is essential in Theorem B, as shown by examples 
constructed in [l7| for A = 



23[ for A = Mq and [l|] for ^ = O, 



4 



MARIUS DADARLAT AND ULRICH PENNIG 



Let US recall that a C*-algebra isomorphic to the compact operators on a separable (possibly 
finite dimensional) Hilbert space is called an elementary C*-algebra. Dixmier and Douady gave 
two other results concerning continuous fields of elementary C*-algebras: 

(i) If i? is a continuous field of elementary C*-algebras that satisfies Fell's condition, then 
S (8) K is locally trivial. 

(ii) The class 6{B) € H'^{X,'L) can be defined for any continuous field of elementary C*- 
algebras that satisfies Fell's condition. Moreover B is isomorphic to the compact operators of a 
continuous field of Hilbert spaces if and only if 5{B) = 0. 

We extend (i) and the first part of (ii) to general strongly self-absorbing C*-algebras, but we 
must require finite dimensionality for either the fiber or the base space in order to obtain a perfect 
analogy with these results, see Corollaries 14.91 and 14.101 These restrictions are necessary. Indeed, 
while any unital separable continuous field C*-algebra with fiber C over X is locally trivial (in fact 
isomorphic to Cq{X)), automatic local triviality fails if C is replaced by strongly self-absorbing 
C*-algebras such as Mq and O2, see [g^l and [l4 |. 

This fact also explains why the second part of (ii) is specific to fields of elementary C*-algebras. 
Our set-up allows us to associate rational characteristic classes to any continuous fields (satisfying 
Fell's condition) whose fibers are Morita equivalent to strongly self- absorbing C*-algebras which 
are not necessarily mutually isomorphic. Such fields are typically very far from being locally trivial. 
We refer the reader to Section H] for further discussion. 

The homotopy equivalence Aut(A(8']K) ~ Kq{A)'^ x BU{A) (see Corollarv l2.17p suggests that 
the generalized cohomology theory associated to Aut(A (g) K) is very closely related to the unit 
spectrum GLi(KU^) of topological i^-theory with coefficients in the group Ko(A). This is again 
parallel to the Dixmier-Douady theory, where we have Aut(]K) = PU{H) ~ BU{1) C GLi{KU). 
We will make this connection precise elsewhere. Let us just mention here that the homotopy 
equivalence Aut(^ (g) lEC) ~ BU deloops to a homotopy equivalence BAut{Z (g) K) ~ B{BU^). This 
unveils a very natural operator algebra realization of the classic O-spectrum B{BU^) introduced 



by Segal [44 1 



The authors are grateful to Johannes Ebert, Peter May and Jim McClure for a number of 
useful discussions. 

2. The topology of Aut(j4(g)]fC) for strongly self-absorbing algebras 

The automorphism group Aut{B) of a separable C*-algebra B, equipped with the point-norm 
topology, is a separable and metrizable topological group. In particular its topology is compactly 
generated. We are going to show in this section that if j4 is a strongly self-absorbing C*-algebra, 
then Aut{A (g) K) is well-pointed and has the homotopy type of a CVF-complex. This will enable 
us to apply the standard techniques of algebraic topology, in particular when it comes to dealing 
with its classifying space. We denote by ~ the relation of homotopy equivalence. 

2.1. Strongly self-absorbing C*-algebras. Let us recall from [49] that a C*-algebra A is 
strongly self-absorbing if it is separable, unital and there exists a *-isomorphism ip : A ^ A ® A 
such that ip is approximately unitarily equivalent to the map I : A ^ A (S) A, l{a) = a 1a- It 
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follows from [16] and 50(] that ip and / must be in fact unitarily homotopy equivalent, see The- 



orem[2rTJb). Note that, unlike 49|], we don't exclude the complex numbers C from the class of 
strongly self-absorbing C*-algebras. For future reference, we collect under one roof an important 
series of results due to several authors. 

Theorem 2.1. A strongly self-absorbing C*-algebra A has the following properties: 

(a) A is simple, nuclear and is either stably finite or purely infinite; if it is stably finite, then it 
admits a unique trace, see [i^ and references therein. 

(b) Let i? be a unital separable C*-algebra. For any two unital *-homomorphisms a, /? : A — > 
B ® A there is a continuous path of unitaries (Mt)te[o,i) in B ® A such that uq = 1 and 



lim^^i \\uta{a)u* — I3{a) |j = for all a ^ A. This property was proved in 16|, Thm.2.2] under 
the assumption that A is Xi-injective. Winter [50] has shown that any infinite dimensional 
strongly self-absorbing C*-algebra A is ^-stable, i.e. A®Z = A, and hence A is i^i-injective 
by a result of R0rdam [sO^ . 



(c) Any unital -E-stable C*-algebra has cancellation of full projections by a result of Jiang [25l . 
Thm.l]. In particular, if is a separable unital C*-algebra and A ^ then B ® A is 
isomorphic to B ® A^ Z and hence it has cancellation of full projections. 

(d) If S is a unital 2:-stable C*-algebra, then Tro{U{B)) ^ Ki{B), by [25, Thm.2]. 

(e) If A satisfies the Universal Coefficient Theorem (UCT) in KK-theory, then Ki{A) = by 



491 ]. If in addition A is purely infinite, then A is isomorphic to either O2 or Oqo or a tensor 



product of Ooo with a UHF-algebra of infinite type [49|, Cor. 5. 2]. 



Notation. For C*-algebras A, B we denote by IIom(j4, B) the space of full *-homomorphisms from 
A to B and by End(A) the space of full *-endomorphisms of A. Recall that a *-homomorphism 
ip : A ^ B IS full if for any nonzero element a (z A, the closed ideal generated by (/^(a) is equal 
to -B. If A is a unital C*-algebra, we denote by Kq{A)+ the subsemigroup of Kq{A) consisting of 
classes \p] of full projections p & A(S'^- 

2.2. Contractibility of Aut(^). While it is known from [16, Cor. 3.1] that Aut(^) is weakly 
contractible in the point norm-topology, we can strengthen this result by combining it with the 



idea of half- flips from 49 ] 



Let i? be a separable C*-algebra and let e G i? be a projection. Consider the following spaces 
of *-endomorphisms of B endowed with the point-norm topology. 

Ende(B) = {a G End(B) : a{e) = e}, Aute{B) = {a £ Aut(5) : a{e) = e}. 

Let l,r : B ^ B fS) B (minimal tensor product) be defined by Z(6) = b® e and r{b) = e®b. 

Lemma 2.2. Suppose that there is a continuous map ip : [0,1] — > }iom{B,B (8) B) such that 
■0(0) = I, tp{l) = r, ^p{t){e) = e® e and tp{t) is a * -isomorphism for all t G (0, 1). Then Aute(-B) 
and Ende(-B) are contractible spaces. 
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(1) Hit, a) 



Proof. First we deal with Aute(i?). Consider H: I x Aute(i?) Aute(i?) defined by 

a for t = 

tpit)-^ o (a (E) ids) o i){t) for < t < 1 , 
id_B for t = 1 . 

Note that a)(e) = e since ?/'(t)(e) = e(8)e. Observe that {a(^idB)ol = loa. It is straightforward 
to verify the continuity of H at points (a,t) with t ^ Q and t ^ 1. Let b G B, let t„ G (0, 1) be a 
net converging to and let G Aute(-B) be a net converging to a G Aute(-B). The estimate, 

||(V(t„)-i o [ai ids) o - a(6)i| = i|(ai id^) o V^(t„)(6) - V(t„) o 

< \\{ai ids) o 4^{tn){b) - {ai id^) o + \\{ai (g) ids) o - (a id^) o 
+ \\{a ® ids) o lib) - ij{tn) o a{b)\\ 

< U{tn){b) - l{b)\\ + ||a,(6) - a{b)\\ + ||(a ® ids) o l{b) - V(t„) o a(6)|| 

implies the continuity of H at (a,0). An analogous argument using (a (8) id^) o r = r shows 
continuity at (a, 1). We also have H{t, ids) = ids for all t G [0,1]. Thus, H provides a (strong) 
deformation retraction of Aute(-B) to id^- The argument for the contractibility of Ende(-B) is 
entirely similar. One observes that equation ([1]) also defines a map H : I x Ende(i?) —> Ende(-B) 
which gives a deformation retraction of Ende(-B) to id^.. □ 

Theorem 2.3. Let A be a strongly self-absorbing C* -algebra. Then Aut(^) and Endi^(^) are 
contractible spaces. 

Proof. Let l,r : A A (S) A he the maps l{a) = a (S) 1a and r(a) = 1^ (8) a. Fix an isomorphism 
^lJ : A A A. It follows from Theorem I2.1l fbl that there exists a continuous path of unitaries 
u: (0, 1] U{A (g) A) with u{l) = 1a(^a such that 

lim\\u(t)il;(a)u(t)* - l(a)\\ = . 

Define ipi: (0, 1] — )• Iso(74, ^4 (g A) by ipi{t) = Ad„(() o tp. Likewise there is a continuous path of 
unitaries v: [0, 1) U{A (g A) with v{0) = Ia^a and such that 

lim||w(t) ij(a) v(t)* - r(a)\\ = . 

Define ipr ■ [0, 1) Iso(A, A (Si A) by ipr{t) = Ad^(() o ip. By juxtaposing the paths ipi and ipr we 
obtain a homotopy from I to r which satisfies the assumptions of Lemma [2.2l with e = 1a- It follows 
that Aut(74) and Endi^(A) are contractible spaces. □ 

The following is a minor variation of a result of Blackadar and Hermann and Rosenberg. 

Lemma 2.4. Let A and B be separable AF-algebras and let e G A be a projection. Suppose that 
if,tp:A^B are two *-homomorphisms such that ip{e) = ■ip{e) and ip* = ip^ : Kq{A) — >• Kq{B). 
Then there is a continuous map u : [0, 1) — )■ U{B~^) with u{0) = 1, [u{t),ip{e)] = for all t G [0, 1) 
and such that limt^i \\u{t)^p{a)u{t)* — 95(a) || = for all a G A. 



A DIXMIER-DOUADY THEORY FOR STRONGLY SELF-ABSORBING C*-ALGEBRAS 



7 



Proof. If i3 is a nonunital C*-algebra, we regard S as a C*-subalgebra of its unitization . Write 
A as the closure of an increasing union of finite dimensional C*-subalgebras An C A^+i with 
Aq = Ce. Since = V'*, for each n > we find a unitary Un € U{B^) such that Unip{x)Un = v{x) 
for all X G An and uq = 1. Observe that Wn = is a unitary in the commutant Cn of ip{An) 



in B~^. This commutant is known to be an AF-algebra, see [2l| . Lemma 3.1]. Therefore there is 
a continuous path of unitaries t i-> Wn{t) € U{Cn), t S [n,n + 1], such that Wn{n) = Wn and 
Wn{n + 1) = 1. Define a continuous map u : [0,oo) — > U{B) by u{t) = Un+iWn{t), t £ [n,n + 1]. 
One verifies immediately that [u{t),ip{e)] = for all t and that u{t)ip{x)u{t)* = ip{x) for all x G An 
and t £ [n, n + 1]. It follows that linit^oo \\u{t)'ip{a)u{t)* — ^{a)\\ = for all a £ A. □ 

Theorem 2.5. Let A be a strongly self-absorbing C* -algebra and let e be a rank-1 projection. 
Then the stabilizer group Auti,g,e(j4 (8) IK) and the space Endi,g,e(j4 (8) IK) are contractible. 

Proof. We shall use the following consequence of Lemma 12.41 Let (po,(pi : IK ^ IK (8> IK be two 
*-homomorphisms such that (po{&) = V^ii^-) = c® e. Fix a *-isomorphism 1^1/2 : IK ^ IK (8> IK with 
^"1/2(6) = e (8) e. By applying Lemma [2^ to both pairs {(pi,ipi/2), ^ = 0, 1, we find a continuous 
map ip : [0, 1] Hom(IK, IK (g) IK) such that ^(0) = ipo, tpi'i-) = ^i, Tp{t){e) = e ^ e and ip{t) is a 
*-isomorphism for all t G (0, 1). 

We proceed in much the same way as the proof of Theorem 12.31 by applying Lemma 12.21 Let 
l,r : A ^ A (S) A he defined by /(a) = a (8> lyi and r(a) = 1^ (8> a. We have seen in the proof 
of Theorem 12.31 that there is a continuous map ip : [0, 1] — ?> Hom(j4,j4 (8) A) such that il^{0) = I, 

= r, and ip{t) is a *-isomorphism for all t G (0, 1). 

Let /k, r-jK : IK — > IK (g) IK be given by iKix) = x e, r^{x) = e ® x. Using the remark from 
the beginning of the proof, we find a continuous map : [0, 1] — >■ Hom(IK, IK (8) IK) such that 
V'k(O) = /ki V'k(I) = '^K, ''AK(i)(e) = e (8 e and V'iK(i) is a *-isomorphism for all t G (0, 1). 

Let = A (8) IK and consider the *-homomorphisms /, f : with 

I = (J o and f = (7 o (r (8 rjc) , 

where a: ^ (8) ^ IK) (8) IK ^ (8) IK) (8> <8' IK) interchanges the second and third tensor factor. 
Note that l{a ® x) = (a (g) x) (8 (1a ® e) and f(a (8 x) = (lyi (8 e) (8> (a (8 x) for a G A and 
X G IK. Define ip : [0, 1] Hom(^iK,-4K (8 Ar) hy ip = a o {ip (g) Then ^/i(0) = /, = f, 
tlj{t){lA ^ e) = (1a (8> e) (8) (1a e) and ^(t) is an isomorphism for all t G (0, 1). It follows by 
Lemma |2. 21 that Auti,g,e(j4 (8 IK) and Endi,^e(^ ® IK) are contractible. □ 

Remark 2.6. Taking ^ = C, Thm. [231 reproves the contractibility of U{H) in the strong topology. 

2.3. The homotopy type of Auto(^(8lK). For a C*-algebra B we denote by Auto(-B) the path- 
connected component of the identity. We have seen in Theorem 12 . 31 that for a strongly self- absorbing 
C*-algebra A the space Aut{A) is contractible. In particular, it has the homotopy type of a CW- 
complex. In this and the following subsections, we will extend the latter statement to Aut(74 (8) K), 
which is no longer contractible, but has a very interesting homotopy type. We start by considering 
the subspace of projections in j4 (g) IK, denoted by Vr{A (8) IK). 

Lemma 2.7. Let B be a C* -algebra. The space Vr[B) has the homotopy type of a CW-complex. 
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Proof. Let B^a be the real Banach space of self-adjoint elements in B. Consider the subset U of 
Bsa consisting of all elements which do not have 1 /2 in the spectrum. Since invertibility is an open 
condition, U is an open subset of Bga and therefore has the homotopy type of a CW-complex by 



28l . Cor. 5. 5, p. 134]. Since a{p) C {0,1} for any projection p B, we have Vr{B) C U. Let / be 
the characteristic function of the interval (^,oo). By functional calculus, / induces a continuous 
map U — >■ Vr{B), a i— > /(a) , which restricts to the identity on Vr{B). Thus, Vr{B) is dominated 



by a space having the homotopy type of a CW-complex. By [28|, Cor. 3. 9, p. 127] it is homotopy 
equivalent to a CW-complex itself. □ 

Let e be a rank-1 projection in K. We define VrQ[A K) to be the connected component of 
1 <8> e E Vr{A ® K). It does not depend on the choice of e as long as the rank of e is equal to 1. 

Lemma 2.8. Let A he a unital C* -algebra and let e he a rank-1 projection. Then the sequence 
Auti^e(^ (8 IC) ^ Auto (A (8) K) — )• Vro(A (g) K) where the first map is the inclusion and the second 
sends a to a(l ^ e) is a locally trivial fiher hundle over a paracompact hase space and therefore a 
Hurewicz fibration. 

Proof. This is a particular case of a more general result. Let B he a C*-algebra, let q € Vr{B) 
and let VrQ[B) be the path-component of q. Then vr : Auto(i?) — > VrQ^B), 7r(a) = a{q) is in fact 
a principal fiber bundle with structure group Autq{B). The map vr is well-defined. Indeed, if a is 
homotopic to ids, then the projection a{q) is connected to g by a continuous path in Vr{B). 

Let Uq{B^) denote the path-component of 1 in the unitary group of the unitization of B. 
Thus, for u € Uq{B^) we have Ad„ G Auto(-B). By definition any p € VrQ^B) is homotopic to 
q. Therefore p and q are also unitarily equivalent via a unitary u € Uq{B~^). Since 7r(Adu) = p 
it follows that vr is surjective. Let po S VrQ{B) and let U be its the open neighborhood given by 
U = {p £ 'PrQ{B) \ \\p — Poll < !}• If p € C^, then Xp = pop + (1 — po){l — p) is an invertible 
element of B^ . It follows that Up = Xp{XpXp)~2 is a unitary in Uq{B'^) and the map p ^ Up \s 
continuous with respect to the norm topologies [tI, Prop. II. 3. 3. 4]. Choose a unitary v G Uq{B^) 
such that pq = vqv* . Then ap^: U Auto(-B), p ^ A.du*v is a continuous section of vr over U. 
This completes the proof. □ 

Corollary 2.9. Let A be a strongly self-absorhing C* -algebra. Then Auto (^'8' IK) has the homotopy 
type of a CW-complex, which is homotopy equivalent to "Pro (^(8) IK) ~ BU{A). 

Proof. By Lemma 12.81 and Theorem 12.51 the space Auto(^ (8 IK) is the total space of a fibration 
where both base and fiber have the homotopy type of a CW-complex. Now the statement follows 



from [42, Thm.2], Theorem 1 2. 5 ^ except that it remains to argue that 'Pro{A (8 IK) ~ BU{A). This 
is certainly known. The group U{M{A0'K)) acts continuously and transitively on 'Pro(^(8lK) via 
u^u{l(S) e)u* with stabilizer U{A) x U{M{A (8 IK)). By the contractibility of U{M{A (8 IK)) |]J], 

U{A) U{M{A ® K))/1a X U{M{A (8 IK)) ^ Vro{A (8 IK) 

is the universal principal U{A)-hundle. One uses the map p ^ Up constructed in the proof of 
Lemma 12.81 in order to verify local triviality. Thus Vvq^A 8" IK) is a model for BU(A). □ 
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2.4. The homotopy type of Aut(^ (S" K). In this section we compute the homotopy classes 
[X, End(^ (8 IK)] and [X, Aut(j4 (8> IK)] in the case of a strongly self-absorbing C*-algebra A and a 
coinpact metrizable space X, see Theorem [2221 A similar topic was studied for Kirchberg algebras 



m 



131 ]. Throughout this subsection e is a rank-1 projection in IK. Given a unital ring R, we denote 



by the group of units in R. It is easily seen that Kq{C{X) (8) A) carries a ring structure with 
multiplication induced by an isomorphism tp : 74(8)IK— )• A^lKi^A^IK which maps 1^ <8> e to 
1a "X) e (8> lyi (8> e. This structure does not depend on the choice by Theorem 12.51 We identify 
the space of continuous maps from X to End(^ (S> IK) with IIom(>l <S> IK, C{X) (g) A (8) IK) and with 
End(^(X)(C(^) ® A ^ IK). Similarly, we will identify the space of continuous maps from X to 
Aut(^ (g) IK) with Autc(x)(C(-'^) ® ^ fg) IK). 

Lemma 2.10. Let A and B he unital separable C*-algebras. Suppose that p B iSilK is a full 
projection such that there is a unital *-homomorphism 6 : A p{B IK)p. Then there is a *- 
homomorphism (p : A ^ B such that ip{l ^ e) = p. If 9 is an isomorphism, then we can 
choose ip to be an isomorphism. 

Proof. We denote by ~ Murray-von Neumann equivalence of projections. Let us recall that if 
q,r G i? ® IK are projections, then (7 ~ r if and only if there is n G U{M(B (8> IK)) such that 
uqu* = r, 34, Lemma 1.10]. Since p is a full projection in i3 (g) IK, by 0] , there is v G M(i? (g) IK (g) IK) 
such that v*v = p^I and vv* = Then 7 : p{B®'K)p®'K i? (8> IK (8> IK, 7(a) = vav* , is an 

isomorphism with the property that ^{p (g) e) = v{p ® e)v* ^ {p® e){v*v){p (g e) = p® e. The map 
1K^IK(8)IK, 3;i-^x(8)eis homotopic to a *-isomorphism as observed in the proof of Theorem 12.51 
It follows that the map B^M. ^ B ^IK^IK, b®x bC>^x0eis also homotopic to a *-isomorphism 
fj.. Note that fi{p) ~ p(8)e ~ j{p<Sie). Thus, after conjugating by a unitary in M(i?(g)IK) we may 
arrange that /u(p) = ^{p (8) e). It follows that if = fi^^ o 7 o (0 (g) idg) G Hom(yl (8) IK, i? ® IK) has the 
property that Lp{l e) = p. Finally note that if 6 is an isomorphism then so is if. □ 

Corollary 2.11 (Kodaka, [261]). Let A be a separable unital C*-algebra and let p A^M. be a full 
projection. Then p{A K.)p = A if and only if here is a & Aut{A (8> IK) such that a{l ® e) = p. 

Proposition 2.12. Let A be a strongly self-absorbing C*-algebra and let B be a separable unital 
C*-algebra such that B = B A. Let Lp,ip : A^IK ^ B be two full *-homomorphisms. Suppose 
that [<f{lA ^ e)] = [iP{1a ® e)] G Kq{B). Then (i) p is homotopic to and (ii) ip is approximately 
unitarily equivalent to tp, written p ~u tjj. 

Proof, (i) For C*-algebras j4, B we denote by [A, B]i^ the homotopy classes of full *-homomorphisms 
(p : A ^ B. The inclusion A = A e ^ A induces a restriction map p : [A ® M., B ® IK]^ — >■ 
[A, i?(8)IK]j. Thomsen showed that p is bijective, see [48|, Lemma 1.4]. Since the map [p] 1-^ [(/7(l(8)e)] 
factors through p, it suffices to show that the map [A,B IK]^ — > Kq{B), p 1-^ [p{^)] is injective. 
Let pjip : A ^ B ® he two full *-homomorphisms. Suppose that [1/5(1)] = [V'(l)]- Since B has 
cancellation of full projections by Theorem l2.1f c). after conjugation by a unitary in the contractible 
group U(M(Bi^K)), we may assume that p{l) = ipil) = p G Vr{B(^K). The C*-algebra p(5(g)IK)p 
is A-absorbing by [49!, Cor. 3.1]. It follows that the *-homomorphisms p,ip : A ^ p{B ® IK)p are 
homotopic by Theorem 12. iT b). 
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(ii) It suffices to prove approximate unitary equivalence for the restrictions of (p and ip to 
A (8) M„(C) for any n > 1. Let {eij) denote the canonical matrix unit of M„(C), pij = ^p{l ® Cij), 
Qij = ip{l (8" eij), pn = ^{1 (8" In) and g„ = ip{l (8 In). By reasoning as in part (a), we find a 



partial isometry v £ B K. such that v*v = pn and vv* = qu. By 3J, Lemma 1.10] there is 
a partial isometry w £ M{B (8 IK) such that w*w = 1 — pn and ww* = 1 — qn- It follows that 
V = w+YJl^^ qkivpik is a unitary in M{A®K) such that Vip{l'^x)V* = V'(l(8x) for all x G M„(C). 
Thus after conjugating (/9 by a unitary we may assume that (p{\®x) = ip[l®x) for all x € M„(C). Let 
us observe that if a G A and n G C/(pii(B(8lIC)pii), then [/ = {l-Pn)+YJk=iPkiupik ^ U{M{B(S^K)) 
satisfies Uip{a (8 eij)U* — ilj{a (8 eij) = pii{uLp{a (8 eii)u* — -0(0 (8 eii))pij. This reduces our task 
to proving approximate unitary equivalence for the unital maps A 8) e — > p{B (8 IK)p induced by 
and ■0, where p = <p{l (8 e). Since p(-B ® IfC)p is 74-absorbing, this follows from Theorem 12. ll fbl. 

□ 

Next we consider the case when B = C{X) 8>^ in Lemma [2.1Ui Next we compare two natural 
multiplicative ff-space structures on End(^ (8 K). 

Lemma 2.13. Let X he a topological space, let A he a strongly self-ahsorbing C* -algehra and 
lei V • ^ IK — 7- (8 IK) (8 (A (8 IK) be a ^-isomorphism. The two operations * and o on G = 
[X, End(yl (8 IK)] defined hy 

[a] * [/3] = [^-1 o (a /3) o V^] and [a] o [/?] = [a o /?] , 

where a iSi /3: X — )• End((74 (8> IK)*^^) denotes the pointwise tensor product, agree and are hoth 
associative and commutative. Moreover, * does not depend on the choice of tp and is a group 
operation when restricted to Aut{A (8 IK). 

Proof. First, let ■0, I and r be as in the proof of Theorem 12.51 and use tp = ip{^) in the definition of 
the operation *. Given a, f3, 6 and 7 G C{X, End(j4 8) IK)) we have 

([q] * [/?]) o ([7] * [6]) = [ip^'^ o (a (8 /3) o o ip"'^ o (7 (8 5) o -0] 

= [^p-' o ((a o 7) (/3 o 6)) o ^p] = {[a] o [7]) * ([/3] o [6]) . 



Thus, the Eckmann-Hilton [19| argument will imply that * and o agree and are both associative and 
commutative for this particular choice of ip if we can show that idyi,g,]}c is a unit for the operation *. 
Just as in the proof of Theorem 12.51 we can see that tp{t/2)^^ o {a® idAi^K) ° ipit/l), t G [0, 1], is a 
homotopy from a to o (a id^^jc) o ip with respect to the point-norm topology on End(A (8 IK) 
proving that id^igiK is a right unit. The analogous argument for ip{{t + l)/2)~-^ o (idA(g)K ® a) o 
'ip{{t + l)/2) shows that idyi,g,K is also a left unit. 

If ip is chosen arbitrarily, we have V = ^(|) ° for some k G Aut(A (8 IK). We denote the 
corresponding operations by *^ and *^ and have 

[a] *^ [/3] = [n-^ o ;p-\\) o{a®P)o v;(i) o n] = [k-1] o ([a] *^ [p]) o [n] = [a] *^ [/3] 

by the homotopy commutativity of o. This proves the independence of * from the choice of the 
isomorphism ip. □ 
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We denote by ~„ the relation of approximate unitary equivalence for *-liomomorphisms. 

Lemma 2.14. Let A be a strongly self-absorbing C*-algebra. If p ^ A^'K is a nonzero projection, 
the following conditions are equivalent: 

(i) p{A®K)p^ A 

(ii) There is a & Aut{A (g) IC) such that a{l ® e) = p. 

(iii) [p\ G K,{A)l 

We denote by Vr{A (g) K)^ the set of all projections satisfying these equivalent conditions. 

Proof, (i) (ii) This follows from Corollary 12. Ill 

(ii) (iii) As an immediate consequence of Lemma 12.131 one verifies that the map G : 
7ro(End(A (g) K)) Ko{A), Q[a] = [a{l ® e)] is multiplicative, i.e. G[q o /3] = Q[a]Q[(3]. Let 
q := a-i(l ® e). Then [p\[q] = Q[a o a'^] = Q[id] = [1]. 

(iii) =^ (i) By assumption there is a full projection q ^ A® K such that [p\[q\ = [1] in Kq{A). 
By Lemma 12.101 there are ip,ip & End(74 (g K) such that ip{\ ® e) = p and ® e) = q. Since 
\p\[q] = [1] in Kq{A), it follows that [ip o if}] = [V' o 93] = [idA®K] G [A (g) K, ^ (g) K] . Therefore 



o -0 id^igiK ~M ijj o If hy Proposition 12.121 By [3a, Cor. 2. 3. 4] it follows that there is an 
automorphism (pQ G Aut(A (g) K) such that ipQ f- Set po = (Po{1a 'Si e). The map ifQ induces a 
*-isomorphism A = {1a<S) e){A (g) K){1a S e) ^ poiA (g IEC)po- We conclude that A = p{A ® K)p 
since pq is unitarily equivalent to p. □ 



If A is a separable unital C*-algebra, Brown, Green and Rieffel 10[] showed that the Picard 



group Pic(74) is isomorphic to the outer automorphism group of ^(glK, i.e. Pic(^) = Out(yl(glC) 



Aut(^(g]K)/Inn(^(g]K). One can view Out(74) as a subgroup of Pic(^). Kodaka [26(] has shown that 
the coset space Pic(^)/Out(A) is in bijection with the Murray-von Neumann equivalence classes 
of full projections p G ^ (g lEC such that p{A (g K)p = A. From Lemmas 12.131 and 12.141 we see that if 
A is strongly self-absorbing, then Out(A) is a normal subgroup of Pic(^) and we have: 

Corollary 2.15. If A is strongly self-absorbing, then there is an exact sequence of groups 

1 ^ Out(A) ^ Pic(A) ^ Kq{A)1 1. 

If moreover A is stably finite, then its normalized trace induces a homomorphism of multi- 
plicative groups from K(){A)^ onto the fundamental group T{A) of A defined in [35| . 

Lemma 2.16. Let A be a strongly self-absorbing C*-algebra. The sequence Auti(g,e(^ (g K) — > 
Aut(^(g)]K) — > ■Pr(A(gK)^ where the first map is the inclusion and the second sends a to a{l (g)e) 
is a locally trivial fiber bundle over a paracompact base space and therefore it is a Hurewicz fibration. 

Proof. Lemma [2.141 shows that the map to the base space is surjective. With this remark, the proof 
is entirely similar the proof of Lemma 12.81 □ 

Corollary 2.17. Let A be a strongly self- absorbing C* -algebra. Then Aut(A(g)K) has the homotopy 
type of a CW complex, which is homotopic to Kq{A)^ x BU{A). 
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Proof. Aut(>l (8> K.)^ is the coproduct of its path components, all of which are homeomorphic to 
Auto(^(8)IK). By Theorem [231 and Lemma[2T8l Auto (v4 (g) K) is homotopy equivalent to 'Pro{A(SK). 
By Lemma EH 7ro{Vr{A (g) K)^) = Ko(^)^ • Thus, using Corollary [22] we have 

Aut(^(g)K) ~ TTo{Vr{A®K)'') x Vro{A^K) ^ Ko{A)1 x BU{A). □ 

In the case A = C this reproves the well-known fact that Aut(K) ~ BU{1) ~ 2) and hence 
the only non vanishing homotopy group of Aut(]K) is 7r2(Aut(]K)) = tt2{BU{1)) = 7ri([/(l)) = Z. 
At the same time, for A C, we obtain the following. 

Theorem 2.18. Let A ^ C be a strongly self-absorbing C*-algebra. Then there are isomorphisms 
of groups 

'ko{A)1 ifi = 



Tri{Aut{A(^K)) 



Ki{A) ifi>l. 



Proof We have seen in the proof of Corollary [2J7] that 7ro(Aut(y4 (g) K)) = Ko{A)l. If i > 1, then 
by Corollary EITl 7ri(Aut(yl K)) ^ Tri{BU{A))^ Tri^i{U{A)). On the other hand, since A is 
Z-stable, we have that 7ri_i(C/(^)) = Ki{A) by 0, Thm.3]. □ 

Corollary 2.19. Let A be a strongly self-absorbing C* -algebra. There is an exact sequence of 
topological groups 1 AvXo{A ®K) ^ Aut(yl (g) K) ^ Kq{A)'^ 1. 

Remark 2.20. The exact sequence 1 Auto(C'oo "gilK) kv,i{Ooo®^) ^ 1 is split, since 

by 0] there is an order- two automorphism a of O^o ® ^ such that a* = — 1 on Kq{Ooo)- 

Corollary 2.21. Let A^ C be a strongly self- absorbing C* -algebra. The natural map 
Auto(^ (g) K) — > Auto(Ooo (g) ^ ig) IC) is a homotopy equivalence. 

Proof. Auto(^'g'IK) Auto(Ooo®^'g'II^) is given by a i-^ idooo "^ck- Both spaces have the homotopy 
type of a CW-complex by Corollary 12.91 and they are weakly homotopic by Thm. 12.181 □ 

Theorem 2.22. Let A ^ C be a strongly self-absorbing C* -algebra and let X be a compact metriz- 
able space. The map ©: [X, End(^ (g) K)] Kq{C{X) ® A)^ given by ©([a]) = [a(l ® e)] is an 
isomorphism of commutative semirings. restricts to a group isomorphism [X , Aut{A K)] — >■ 
Ko{C{X) A)l. IfX is connected, then Kq{C{X) O A)^ ^ Ko{A)l Ko{Co{X \ xq) A). If A 
is purely infinite, then Kq(C{X) (g j4)+ = Kq{C{X) (g) A) and G is an isomorphism of rings. 

Proof. Let ip: A(g)]K ^ (A(g)]K)®^ and / be as in Lemma [2.13l The additivity of is easily verified. 
Let a,/3 G C{X,End{A (g)K)), then by Lemma EJS) 

[{a o (g) e)] = [(a * /3)(1 O e)] = [t/;"^ o (a /3) o tP{1 e)] 

= [iJ-\a{l e) (g ^(1 (g e))] = [a(l ® e)] • ® e)] , 

which shows that 0: [X, End(^ (g) K)] Kq{C{X) (g) A)^ is a homomorphism of semirings. Let 
p e C{X) (g ^ (g IC be a full projection. Then, p{C{X) (g ^ (g K)p is A-absorbing by figl, Cor.3.1]. 
It follows that is surjective by Lemma 12.101 For injectivity we apply Proposition 12. 12T i). 
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Next we show that the image of the restriction of to [X, Aut(A K)] coincides with 
Ko{C{X)(S)K)l. Letp £Vr{CiX)(g)A(S)K)'' . By assumption, there is g G Pr(C(X)®^(g)]K)>^ such 
that \p][q] = 1 in the ring Ko{C{X)®A). By Lemma[2J0]there are G Hom(^(g)]fC, C{X)0A®K) 
such that 93(1 ^ e) = p and ip{l ^ e) = q. Let (fjip^ Endc(x){C{X) (g) ^ (g) K) be the unique 
C(X)-linear extensions of 99 and V- Note that if i : ^4 (8> IK — C{X) (8) ^4 (8) IC is the inclu- 
sion L{a) = lc{x) "X) a, then l = idc(x)<s,A(s,K- Since [p][q] = [1] in Kq{C{X) (g) A), it follows 
that [if o il)] = [ip o ip] = [i] e [A(g) K,C{X) (g) A^K]. By Proposition [2J2]^ii)^ follows that 
(p o ijj i K..^ il) o ip. This clearly implies that (p oip Ki^ idc(x)(g)A(g)K ~m V' ° By [38, Cor. 2. 3. 4] it 
follows that there is an automorphism a G Autc(x)iC (X) ^ Aci^M.) such that a ~u ip. In particular 
we have that [a(l (8) e)] = [(p{l (8) e)] = \p]. 

It remains to verify the isomorphism Ko{C{X) ® A)^ ^ KoiA)^ Ko{Co{X \ xq) <8) A). 
Evaluation at xq induces a split exact sequence Kq{Co{X \ xq) (8 yl) — > Kq{C{X) (8 vl) — )■ 



Ko{A) — > 0. Arguing as in the proof of [13|, Prop. 5. 6], one verifies that Ko{Co{X \ xo) (8^4) is a nil- 
ideal of the ring Kq{C{X) (8 A). Thus an element a S Kq{C{X) (8 A) is invertible if and only if its 
restriction (Ta^o G iro(^) is invertible. Consequently i^o(C(-^)'^^)^ = Ko{A)^ eKo{Co{X\xo)'S>A). 
It remains to verify that an element a G Kq{C{X)(>^A) is positive if G Kq{A)^\{0}. It suffices to 
consider the case when A is stably finite. Let r denote the unique trace state of A. Its extension to a 
trace state on y4(8M„(C) is denoted again by r. Then any continuous trace rj on C{X)®A^Mn{C) 
is of the form ??(/) = T{ f)diJ, for some finite Borel measure /x on X. Write cr = [p] — [q] where 
p,q €z Vr{C{X) (8 A (8 M„(C)) are full projections. Let r be a nonzero projection in A (8 M„(C) 
such that [p(a;o)] — [^(a^o)] = [A- Since X is connected it follows that [p{x)\ — [q{x)\ = [r] G Kq{A) 
for all x G X. From this we see that any point x G X has a closed neighborhood V such that 
\pv] — [lv] = [A ^ ^^{Ciy) (8 A). Since r(r) > it follows immediately that r/(p) > 77(g) for all 
nonzero finite traces r/ on ^ (8 M„(C). We apply Corollaries 4.9 and 4.10 of [39] to conclude that 
\p]-[q](^KQ{C{X)®A)+. □ 

Corollary 2.23. Let X he a compact connected metrizable space. Then there are isomorphism of 
multiplicative groups 

[X, Aut(2 (8 K)] ^ K^{X)l = 1 + ^°(X), 
[X,Aut(Ooo =±1 + K°(X). 

2.5. The topological group Aut(^(8lC) is well-pointed. Since we would like to apply the nerve 
construction to deloop the topological group Aut(yl(8lK), we will need to show that Aut(A(8]K) is 
well-pointed. This notion is defined as follows: 

Definition 2.24. Let X be a topological space, A C X a closed subspace. The pair (X, A) is called 
a neighborhood deformation retract (or NDR-pair for short) if there is a map n : X — ?> / = [0, 1] such 
that u~^{0) = A and a homotopy H: X x I ^ X such that H{x, 0) = x for all x G X, H{a,t) = a 
for a £ A and t £ I and H{x, 1) G A if u{x) < 1. A pointed topological space X with basepoint 
Xq G X is said to have a non- degenerate basepoint or to be well-pointed if the pair (X, xq) is an 
NDR-pair. 
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Recall that a neighborhood V of xq deformation retracts to xq if there is a continuous map 
h : V X I ^ V such that h{x, 0) = v, h{xo,t) = xq and h{x, 1) = xq for all x G V and t £ I. The 



following lemma is contained in 4a, Thm.2]. 



Lemma 2.25. Let {X,xq) be a pointed topological space together with a continuous map v. X ^ I 
such that Xq = v~^{0) and V = {x G X : v{x) < 1} deformation retracts to xq. Then {X,xq) is an 
NDR-pair. 

Proposition 2.26. Let A be a strongly self-absorbing C* -algebra. Then the topological group 
Aut(A(K>]EC) is well-pointed. 

Proof, let e € K be a rank-1 projection and set po = 1 ® e. Let U = {p £ Vr{A (g) K) [ ||p — Poll < 
1/2}. If vr: Auto(^ (g) K) Vro{A (g) K) denotes the map vr 7r(po), we wiU show that -k^^{U) 
deformation retracts to id^^K £ Auto(>l- K). As we have seen in the proof of Lemma [2^ the 
principal bundle Auto (^(g IK) ~^ 'PrQ{A®'K) trivializes over U, i.e. there exists a homeomorphism 
■K~^{U) — 7> [/ X Autpg (A (g) K) sending id^^K to {po,idA»K)- Thus, it suffices to show that the right 
hand side retracts. Let x be the characteristic function of (1/2, 1]. Then h{p,t) = — t)p + tpo) 
is a deformation retraction of U into pq. This is well-defined since 1/2 is not in the spectrum 
of a = (1 — t)p + tpo as seen from the estimate ||(1 — 2a) — (1 — 2pq)\\ < 1. We have shown in 
Theorem 12.51 that Autp^^A g) K) deformation contacts to id^igjK- Combining these homotopies we 
end up with a deformation retraction of 7t~^{U) into id^^K- Let d be a metric for Aut{A (g) K). 
Then v: Aut(A (g) K) — >■ [0,1], v{a) = max{min{(i(a, idA(g)K), 1/2}, min{l, 2||a(po) ~ Poll}} and 
V := 7r~^{U) satisfy the conditions of Lemma [2.251 relative to the basepoint idyi,^K. □ 

3. The infinite loop space structure of i?Aut(A (g) K) 

3.1. Permutative categories and infinite loop spaces. We will show that i?Aut(A (g IfC) is an 
infinite loop space in the sense of the following definition (l| . 

Definition 3.1. A topological space E = Eqis called an infinite loop space, if there exists a sequence 
of spaces -Ej, i € N, such that Ei ~ for all i € Nq (— denotes homotopy equivalence). 

The importance of these spaces lies in the fact, that they represent generalized cohomology 
theories, i.e. for a CW-complex X, the homotopy classes of maps E^(X) := [X,Ei] are abelian 
groups and the functor X i-^ E*{X) is a cohomology theory. The sequence of spaces Ei forms a 
connective fl-spectrum. There is a well-developed theory to detect whether a space belongs to this 
class 



2S 



44l |. One of the main sources for infinite loop spaces are classifying spaces of topological 



strict symmetric monoidal categories, called permutative categories in [31 1. 

A topological category has a space of objects, a space of morphisms and continuous source, 
target and identity maps. Such a category C carries a strict monoidal structure if it comes equipped 
with a functor C x C —?■ C that satisfies the analogues of associativity and unitality known for 
monoids. The strictness refers to the fact that these hold on the nose, not only up to natural 
transformations. C is called symmetric if it comes equipped with a natural transformation c: 0ot —?■ 
(g), where r:CxC—)-CxC is switching the factors. This should behave like a permutation on 
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n-fold tensor products. We will assume all permutative categories to be well-pointed in the sense 
that the niap obj(C) — )• mor(C), x — > id^,- is a cofibration. For a precise definition, we refer the 
reader to [3l|, Def.l]. 

Any topological category C can be turned into a simplicial space N,C via the nerve construction. 
Let NoC = obj(C), NiC = mor(C) and 

iVfcC = {(/i,...,/fc) Gmor(C) x • • • x mor(C) | = ■ 

The face maps df : N^C ^ Nk-i C and degeneracies : Nk C Nk+i C are induced by composition 
of successive maps and insertion of identities respectively. The geometric realization of a simplicial 
space X, is defined by 



.A:=0 / 



l^.l = XkxAk]/ 

where C M'^^-'^ denotes the standard /c-simplex and the equivalence relation is generated by 
(d^Xju) ~ {x,df^^u) and {s[y,v) ~ {y,a'[^^v) for x £ Xk, u G Afc_i, y e Xi, v £ Xi+i, where 
6i and cjj are the coface and codegeneracy maps on the standard simplex. For details about this 
construction we refer the reader to 29|, sec. 11]. 

The space \N,C\ associated to a category C is called the classifying space of C. Having a 
monoidal structure on C yields the following. 

Lemma 3.2. Let C be a strict monoidal topological category. Then \N,C\ is a topological monoid. 

Proof. The nerve construction A*", preserves products in the sense that the projection functors 
TTi: C X C C induce a levelwise homeomorphism N,{C x C) — )• N,C x N,C. Therefore N,C is a 



simplicial topological monoid and the lemma follows from 29|, Cor. 11. 7]. □ 



A permutative category C provides an input for infinite loop space machines [3l!, Def.2]. Due 
to the above lemma, there is a classifying space B\N,C\. The following has been proven by Segal 
3 and May (sol, Thm.4.10] 

Theorem 3.3. Let C be a permutative category. Then 0,B\N,C\ is an infinite loop space. Moreover, 
if TTodN^Cl) is a group, then the map \N,C\ — t- ^}B\N,C\ induced by the inclusion of the 1-skeleton 
X \N,C\ -BlA'.CI is a homotopy equivalence. 

We define a non-unital permutative category to be a category that satisfies all the axioms of a 
permutative category, but does not have a unit object. We can turn this into an honest permutative 
category C~^, called the unitization ofC, via obj(C"'") = obj(C)II{po} and mor(C"*") = mor(C)n{idp(,}. 
The new source and target maps send idpy to po and are the source and target maps of C on the 
rest, similarly for the identity map. 

The monoidal structure can be extended to via po(S'X = x and idp^ (g) / = / for x G obj(C) 
and / G mor(C). Likewise, the symmetry c can be extended to via Cp^^x = idx = Cx,po- It 
is straightforward to check that is indeed a permutative category. We will use the following 



lemma, which can be found in a slightly different context in 47], Lemma A.l]. 
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Lemma 3.4. Let C be a non-unital permutative category and assume that \N,C\ is a homotopy 
unital grouplike H -space with respect to the operation induced by the tensor product on C. Let 
be the unitization of C. Then the inclusion functor C — ?> induces a weak homotopy equivalence 

\N,C\ nB{\N,C+\) . 

In particular, if oh] (C) and mor(C) have the homotopy type of CW complexes, then \N,C\ is an 
infinite loop space. 

Proof. Let G = 7ro(|A'^,C[). Then we have G' = 7ro(|iV,C^|) = G U {x} with monoid structure given 
hy g-x = x- g = g, x-x = x and the usual group multiphcation in G. Thus, we may think of 
the element x as a "second unit element" in G' . The group completion of this monoid consists of 
equivalence classes of pairs {g,h) € G' , where 

{g, h) ~ {g', h') if and only if 3y € G' : gh'y = g'hy . 

In particular, we have (x, e) ~ (e, e), where e G G C G' is the ordinary unit element. Therefore, the 
inclusion map G — >■ G' induces an isomorphism on the group completions, with the inverse induced 
by the map from G' ^ G that sends x to e. 

Since both sides are -fT-spaces and therefore simple (i.e. tti acts trivially on all higher homo- 
topy groups), the result will follow from Whitehead's theorem, if we can prove that H^[\N,C\) — > 
Hit[^B\N,C^\) is an isomorphism. Note that both sides are actually commutative rings due to 
the multiplicative structures on both spaces and the symmetry on C. By the Segal-McDuff group 



completion theorem [33l . Prop.l] the inclusion |iV,C+| ^B\N,C'^\ yields a ring isomorphism 

H,{\N.C+\)[tt^^] ^ H,{^B\N,e^\) , 

where ttq C Hq{\N,C~^\) C Ht,{\N,C^\) is the multiplicative subset of the path components in the 
homology ring. A similar line of thought as the one given above shows that the map into the 
localization 

H,{\N,e\) ^ H,{\N,C^\)[k^^] 

is a ring isomorphism. The last statement is a consequence of j44i . Prop. A. 1 (i), (iv)] together with 
the fact that N,C is good for well-pointed categories C. □ 



3.2. The tensor product A K-bundles. Let A be a strongly self- absorbing G*-algebra, 
X be a topological space and let Pi and P2 be principal Aut(^ ]K)-bundles over X. Fix an 
isomorphism iJj: A^'K ^ (A (8) IK) (8) (A (8) K). This choice induces a tensor product operation 
on principal Aut(^ di) ]K)-bundles in the following way. Note that Pi xx P2 X is a principal 
Aut{A (8> K.) X Aut{A (g) ]K)-bundle and ip induces a group homomorphism 

Ad^-i : Aut(yl(g)]K) X Aut(A(g)IK) ^ Aut(A(8)]fC) ; (a, /3) V""^ o (" ® /3) o • 

Now let 



Pi ®i, P2 := (Pi XX P2) XAd ,_i Aut(^ (g) K) = ((Pi XX P2) x Aut(A K))/ ~ 
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where the equivalence relation is (pi a,p2 (3,^) ~ (pi,p2) Ad^-i (a, /3) 7) for all {pi,P2) G -Pi Xx P2 
and a,/3,'j S Aut(^ (8) IC). This is a delooped version of the operation * from Lemma 12.131 

Due to the choice of ■0, which was arbitrary, 0^ can not be associative. We will show, however, 
that - just like * - it is homotopy associative and also homotopy unital. 

To obtain a model for the classifying space -BAut(^ ® K), let B be the topological category, 
which has as its object space just a single point and the group Aut(A ® K) as its morphism 
space. Since we have shown that Aut(^ ® K) is well-pointed (see Proposition 12.26]) . [32l . Prop. 7. 5 
and Thm.8.2] implies that the geometric realization jA'^.SI has in fact the homotopy type of a 
classifying space for principal Aut(A ® K)-bundles, i.e. 

Bknt{A(^K) = \NB,\ . 

Choosing an isomorphism ip: A^'K^ (A (8) IK) (g> ( A (8) IC) , we can define a functor CS^ : B x B B 
just as above, which acts on morphisms q, /3 G Aut(^ K) by 

(a, /3) a (g)^ /? := Ad^-i [a, /3) . 

This is in fact functorial since composition is well-behaved with respect to the tensor product in 
the following way 

(a o a') 0^ (/3 o /3') = o (q o a') ® (/3 o /3') o ^ 

= Tp-'^ o {a ® f3) o ip o ip-"" o (q' (^/3')oip = {a ®^ /3) o (q' 0^ /3') . 

The functor induces a multiplication map on the geometric realization 

: BAut{A (S)K)x BAut{A O K) ^ BAut{A K) . 

Observe that a path connecting two isomorphisms ^, ip' G Iso(Aut(j4 (8) K), Aut(j4 (8> K)®^) induces 
a homotopy of functors B x B x I ^ B, where / here is the category, which has [0, 1] as its object 
space and only identities as morphisms. After geometric realization this in turn yields a homotopy 
between //^ and /i^/ (observe that |/| = [0,1]). 



Lemma 3.5. Let A he a strongly self-absorbing C* -algebra and let B be the category defined above. 
Let i/> : j4 (8> IK ^ (j4 (8 IK) (8 (^ (8> IK) be an isomorphism, then ®^ defines an H -space structure on 
-BAut(A (8 IK), which has the basepoint 0/ i?Aut(j4 IK) as a homotopy unit. Different choices of 
tp yield homotopy equivalent H-space structures. 



Proof. The proof of this statement is very similar to the one of Lemma 12.131 but we have to take 
care that the homotopies we use run through functors on B. Let ip, I and r be just as in Theorem 
12.51 and consider ip = V'(^) first. By Theorem 12. 5| there is a path between (ip (8) id^^K) ° and 
(id^0K Ip) o Ip, since both these morphisms map 1 (8 e to (1 (8 e)®'^. This proves the homotopy 
associativity in this case. 

To prove that the basepoint provides a homotopy unit we have to show that the two functors 
a 1-^ a (8)^ idyi^K and a i-?- idyi,g,iK 0^ a are both homotopic to the identity functor. The argument 
for this is the same as in the proof of Lemma 12.131 
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Now let ip: A^M. ^ (A M.) {A ® M.) be an arbitrary isomorphism. As in Lemma 12.131 we 
have tp = o K, for some automorphism k E Aut(y4 IK). If we denote homotopic functors by ~, 
we have 

a (g)^ /3 = K"^ o (a ®^ /3) o K ~ {k 0^ id^^K)""^ ° (id^^K (« /3)) o {k ®^ idA^s) 

= idA®K '^^ (a 0^ /3) ~ (a 0^ /3) . 

Note that every stage of this homotopy provides functors B x B ^ B. Geometricahy reahzing this 
homotopy we see that different choices of ip yield the same i/-space structure up to homotopy. □ 

To apply the infinite loop space machine, we need an honest permutative category encoding 
the operation 0^. Let B^ be the category, which has N as its object space (where n G N should 
be thought of as ^4®"). The morphisms between n and m are given by Iso((A (g) IK)'^"', (^4 (g) IfC)*^™) 
equipped with the point-norm topology. In particular, B^ is a groupoid and we have hom(l, 1) = 
Aut{A(S)K). 

The tensor product induces a strict monoidal structure on B^ with n ® m = n + m and 
the ordinary tensor product on morphisms. Likewise, we have a symmetry Cn^m on B(^, where 
Cn,m G Aut((A0]K)®("+™)) is the automorphism (g) ^ (^(gK)®" 

switching the two factors. This turns B^ into a non-unital permutative category and as above we 
denote its unitization by B'^, which is still a groupoid. Let 

-BAut(^ (g K)^ = \N,Bf^\ and BA.ui{A (g ]K)+ = \N,Bl\ . 

In the following lemma we use the fact that an equivalence of categories induces a homotopy 
equivalence of classifying spaces. This is a direct corollary of [43, Prop.2.1]. 

Lemma 3.6. The inclusion functor J: B ^ B(^ induces an equivalence of categories with continu- 
ous inverse functor. Given an isomorphism ip: A^K^ {A® K)®^, the diagram 



(2) BxB B 



JxJ 

B(^ X ^sa — ^ B, 



J 



commutes up to a natural transformation. In particular we have a homotopy equivalence, BAut{ACS) 
K) BAut{A K)^. Moreover, we have BAut{A IK)+ ~ BAut{A (g) ]K)g3 U {pt}. 

Proof. The last statement is clear from the definition of the nerve and the geometric realization. 
To see the first claim, choose isomorphisms ^/'^ : A (g IK — )• (A (g) IK)*^" for every n G N with 
'(/'n(l (g* e) = (1 (g) e)*^" and ipi = idA^K- Now define a functor R: B^ B which maps every 
n G N = obj(;B®) to the single object in B and sends a G hom(n, m) to 

R{a) = ijj:;^ o a o G Aut(^ (g IK) 

This is indeed functorial, since for /3 G hom(m, /) we have 

R{p o a) = V'r' o (/3 o a) o V'n = (Vf' ° P ° ^m) o o a o V'n) = R{P) o R{a) . 
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By the choice of tpi the functor Ro J is the identity on B. The functor J o R maps every n G N to 
1 E N and sends a G hom(n, m) to iIj^ o a o ipn € hom(l, 1). Therefore {tpn G hom(l, n): n > 1} 
provides a natural transformation between J o R and the identity functor on B^. 

Let F : B X B —i- B(^ he the functor J o and set G = o ( J x J). Note that F{pt,pt) = 1 
and G{pt,pt) = 2, where pt denotes the single object of B. Set K,pt = ^ hom(l,2). It is easy to 
check that this choice provides a natural transformation k: F G. □ 

Corollary 3.7. The space BAut{A(S>^)(^ has a homotopy unit with respect to the tensor operation. 
In particular, it is a unital H-space. 

Proof. Since the diagram ^ from Lemma 13.51 is commutative up to a natural transformation, the 
corresponding diagram of the geometric realizations 

Ml/" 

SAut(^ (g) IC) X BKnt{A (g) K) BAut{A K) 



BAut{A K)^ X BAut{A (g) IC)^^ ^ BAut{A (g) K)^ 

commutes up to homotopy. From this, it is easy to deduce that the image of the basepoint in 
BAut{A is a homotopy unit for the multiplication induced by (g. □ 

So far, we have proven that -BAut(^ (g IC) and -BAut(^ (g) IK)^, are both homotopy unital H- 
spaces, which are both grouplike, because ttq is trivial in both cases. Furthermore, we know that 
nB{\N,B^\) = nBBAut{A K)+ is an infinite loop space by Theorem^ 

Theorem 3.8. For any strongly self-absorbing C*-algebra A the space BA\xt{A ® IC)^ is an infi- 
nite loop space with respect to its natural tensor product operation. In particular, the monoid of 
isomorphism classes {Bunx{A®'¥^,®) of principal AvX{A®'K) -bundles is an abelian group with 
respect to the tensor product. Furthermore, i?Aut(^ (g K)^, is the first space in a spectrum defining 
a cohomology theory E\ with E\{X) = [X,Ant(A ® K)] and E\{X) = Bunx{A (g) K). If X is a 
compact metrizable space and A^ C, then = Kq{C{X) (g) A)^. 

Proof. Applying Lemma [5^ to the inclusion functor B^ — >■ B~^ we obtain that i?Aut(yl (g) K)^ = 
lA'^.yB^I is an infinite loop space. This implies the second statement, since the ff-spaces i?Aut(^(g)lC) 
and BAv\.t{A (g) IK)^ are homotopy equivalent by Lemma 13.61 As described above, an infinite loop 
space yields a spectrum and therefore a cohomology theory via iterated delooping. If we consider 
-BAut(A(g)]K)0 as the first space of the spectrum, we obtain the 0th one by forming the loop space. 
But this is 

Q.BAvii{A (g K)f^ ~ Q.BAvii{A O K) ~ Aut(A ® K) , 
which proves the third statement. The fourth statement follows from Theorem 12.221 □ 

Corollary 3.9. For any strongly self- absorbing C*-algebra A the space i?Auto(^'g'IK),g, is an infinite 
loop space with respect to its natural tensor product operation. The corresponding cohomology theory 
is denoted by E\{X). 
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Proof. The proof is entirely similar to the proof of Theorem l3.8^ except that we replace the category 
B by the topological category which has as its object space just a single point and the group 
Auto {A (g) K) as its morphism space and we replace the category B^ by the category B^ defined 
as follows. The object space of B^ is N. The morphisms hom(n, m) are given by those maps a in 
Iso((A (g) K)®", {A K)®™) with the property that [a((l e)®")] = [(1 (g) e)®"^] in Ko{{A (g K)®™). 
This condition will insure that the functor R : B^ — >■ B^ from the proof of Lemma 13.61 is well- 
defined. □ 

Remark 3.10. We have seen that the classifying space BAut{A (g IC) has the homotopy type of 
a CW complex. Since its homotopy groups are countable, it follows that this space is homotopy 
equivalent to a locally finite simplicial complex and hence to an absolute neighborhood extensor, 
see 28|, Thm.6.1, p. 137]. It follows that E\{X) is a continuous functor in the sense that if X 
is the projective limit of projective system {Xn)n of compact metrizable spaces, then E\{X) = 
lm^E\{Xn), see [2oj, Thm.11.9, p. 287]. Since any compact metrizable space X is the projective 
limit of a system of finite polyhedra {Xn)n by [20\, one can approach the computation of E\{X) 
by first computing E^{Xn) using the Atiyah-Hirzebruch spectral sequence. 

4. A GENERALIZED DiXMIER-DOUADY THEORY 

Definition 4.1. Let -B be a continuous field C*-algebra over a locally compact metrizable space X 
whose fibers are stably isomorphic to strongly self- absorbing C*-algebras, which are not necessarily 
mutual isomorphic. We say that B satisfies the Fell condition if for each point x G X, there is a 
closed neighborhood V of x and a projection p G B(y) such that \p{v)] G Kq{B{v))^ for all v G V. 
If one can choose V = X, then we say that B satisfies the global Fell condition. 

Theorem 4.2. Let A be a strongly self-absorbing C*-algebra. Let X be a locally compact space of 
finite covering dimension and let B be a separable continuous field C*-algebra over X with all fibers 
abstractly isomorphic to A (g K. Then B is locally trivial if and only if it satisfies Fell's condition. 
If X is compact, then B is trivial if and only if B satisfies the global Fell condition. 

Proof. Suppose that there is a projection p G B{V) such that [p{v)] G Kq{B{v))^ for all v in a 
compact subset V of X. We will show that B(y) = C{V) (g A (g K. First we observe that by 
Lemma 12.141 it follows that p{v)B{v)p{v) = A, since B{v) = j4 (g IK. Therefore pB{V)p is a unital 
continuous field over a finite dimensional space with fibers isomorphic to A and hence pB{V)p = 



C{V) (S> Ahy [l5|. Second, since p is a full projection, we have that pB{V)p (g K = B{V) (g IK as 
C(V)-algebras by 0]. Third, B{V) (glK = B{V) by 23| since V is finite dimensional and each fiber 
of B is stable. Putting these facts together we obtain the desired conclusion: 

^ (g IK ^ (g IK ^ C(F) (g A K. □ 

Having obtained an efficient criterion for local triviality, we now turn to the question of clas- 
sifying locally trivial continuous field C*-algebras by cohomological invariants. Let X be a finite 
connected CW complex. Let R = Kq{A) and let i?i denote the multiplicative abelian group 
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Ko{A)^. If A is purely infinite, tlien KQ{Ay_ 
the UCT. Then /i:i(.4) = by |4g|. 



Kq{A)^ and so = . Suppose that A satisfies 



The coefficients of the generahzed cohomology theory E'^{X) were computed in Theorem l2.18[ 
Consequently, by 22] , the £^2-page of the Atiyah-Hirzebruch spectral sequence for the generalized 
cohomology E'^(X), A ^ C, looks as shown below. 



-1 



H^{X,Rl) H'^{X,Rl) H^{X,Rl) H^X,R 



-3 



H^{X,R) H\X,R) H^{X,R) H^{X,R) 



H^{X,R) H\X,R) H^{X,R) H^{X,R) 



If A = C, all the rows of the E2-page of E^{X) are null with the exception of the (— 2)-row whose 
entries are HP{X,'Z), p>0. Since the differentials in the Atiyah-Hirzebruch spectral sequence are 
torsion operators, [2, Thm.2.7], we obtain the following. 

Corollary 4.3. Let X be a finite connected CW complex such that H*{X,R) is torsion free. If 
A ^ C satisfies the UCT, then 

Bunx{A(^K) ^ E\{X) ^ H\X,RI) x JJ i?) . 

k>l 

Corollary 4.4. Let X be a compact metrizable space and let Mq denote the universal UHF-algebra 
with Kq(AIq) = Q. Then there are natural isomorphism of groups 



k>l 



Bunx{MQ(^0 

oo w - 



pi 



k>l 



Proof Set h*{X) = E\{X), h*{X) = E\{X) (see Cor. ESD and i? = KoiA) where A is either 
or Mq (g) Ooo- We will show that there are natural isomorphisms (i) h^{X) = H^{X, R^) © h^{X) 
and (ii) h\X) ^ ^ H^''+\X , Q) . Note that h*{pt) = tq[t] with deg{t) = -2 and h*{pt) = 
R^ ©tQ[t]. Suppose first that X is a finite connected CW-complex. Then (ii) follows by applying 
the isomorphism established in equation (3.20) of (2^, p. 48] since h*{pt) is a vector spaces over Q. If 
G is a topological group and H a normal subgroup of G such that H^G^G/H is a principal H- 
bundle, then there is a homotopy fibre sequence G — )• G/H — )■ BH — )■ BG — ?> B{G/H) and hence 
an exact sequence of pointed sets [X,G] [X,G/H] [X,BH] [X,BG] [X,B{G/H)]. 
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Using this for the principal bundle from Corollary 12.191 we obtain an exact sequence of groups 
h^{X) —7- h^{X) H^{X,R^). We want to compare this sequence with the exact sequence 
— > F'^h^{X) — )• h^{X) — )• H^{X,R^) —?- given by the Atiyah-Hirzebruch spectral sequence. 
Recall that F'^h^(X) = keic{h^{X) h^{Xi)), where Xi is the 1-skeleton of X. Since both maps 
with target H'^{Xi,R^) are injective in the following commutative diagram induced by Xi ^ X 

h\X)^^H\X,Rl) 



hHXi) ^H\Xi,Rl) 

we deduce that F'^h^{X) = ker(5o) — ^^{^) aiid hence obtain an exact sequence — ?• h}{X) — )• 
h^{X) H^{X,Rl) 0. Since h^{X) is a divisible group it follows that h^{X) splits as 
H^{X,R^) © h^{X). To verify that there is a natural splitting one employs the natural trans- 
formation h*{X) h*{X) induced by the coefficient map h*{pt) — > h*{pt), {r,f{t)) i-> /(t), see 



22, Thm.3.22]. 

For the general case we write X as a projective limit of a system of polyhedra {Xn)n and then 
we apply the continuity property of E\{X) as discussed in Remark I3.1UI □ 

Let j4 be a strongly self- absorbing C*-algebra that satisfies the UCT. Then A © Mq Ooo = 
Mq (g) Ooo by [49|. The canonical unital embedding A ^ A® Mq (g) Ooo — Mq (g) Ooo induces a 
morphism of groups Aut{A (g K) ^ Aut(M(Q (g) Ooo ® IK) and hence a morphism of groups 

5 : E\{X) ^ Ei,^^ajX) - H\X,q^) (B ^ H^'+\X , Q) . 

k>l 

Definition 4.5. We define rational characteristic classes '■ 13unx{A IS) M.) H^{X,Q^) and 
6k '■ Bunx{A (g K.) ^ H'^^^^{X,^), > 1, to be the components of the map 5 from above. It is 
clear that 5q is lifts to a map : Bunx{A (g K) ^ H^{X,Kq{A)^) induced by the morphism of 
groups Aut(yl (g K) ^ 7ro(Aut(^ (g K)) = i^o(^)+ and which gives the obstruction to reducing the 
structure group to Auto(^ (g IK). We will see in Corollarv 14.71 that 5i also lifts to an integral class 
with values in H^{X,Z). One has 6k{Bi (g B2) = 5k{Bi) + 6k{B2), k>0. 

Since the differentials in the Atiyah-Hirzebruch spectral sequence are torsion operators we 
deduce: 

Corollary 4.6. Let A be a strongly self-absorbing C*-algebra that satisfies the UCT. Let X be a 

finite connected CW complex such that L[*{X,'Z) is torsion free. Then: 

(i) -81,-82 G Bunx{A (g K) are isomorphic if and only 6k{Bi) = 6k{B2) for all k > 0. 

(ii) Bunx{Z0K) ^ ©^>iF2'^+1(A:,Z) and Bunx{Ooo^K) ^ H^X,Z/2)(B®^^^H^''+^{X,Z). 

Corollary 4.7. Let X be a compact connected metrizable space. Then E^{X) = Z) is a 

natural direct summand of both -E'^(X) and Eq^{X) for all i >0. 

Proof. Using the continuity properties discussed in Remark 13. 101 we may assume that X is a finite 
connected CW complex. The unital map C ^ Z induce a natural transformation of cohomology 
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theories T : E^(X) — t- E^iX). The desired conclusion for E^iX) fohows now from the naturahty 
of the Atiyah-Hirzebruch spectral sequence since all the rows of the £'2-pa'ge of E^(X) are null with 
the exception of the (— 2)-row and T induces the identity map on this row due to the isomorphism 
7r2(Aut(IK)) — )■ 7r2(Aut(-E ^K)), see Theorem 12.181 The corresponding result for Ooo is deduced 
from the result for Z by using Remark 12.201 and Corollary 12.211 applied to A = Z. □ 

Corollary 4.8. Let X be a compact metrizable space and let A be a strongly self-absorbing C*- 
algebra. Two bundles -81,-62 ^ Bunx{A ® K) are isomorphic if and only if Bi ® Ooo — B2® Ooo- 

Proof. Without any loss of generality we may assume that X is a finite CW-complex. By Corol- 
lary 12.191 there is a commutative diagram with exact rows 

*- Auto (A ® IK) Aut(^ ® K) ^ Ko{A)l ^ 



^ Auto(Ooo (g) A (g) K) ^ Aut(Ooo ^ (g K) ^ Kq{AY ^ 

Passing to classifying spaces we obtain a commutative diagram: 

^ [X,BAvito{A(^K)] ^ [X,BKMt{A(^W)] ^ H^{X,Kq{A)1) 

i T j 

^ [X, -B Auto (Ooo ^^(g IK)] ^ [X,BAut{Ooo® A(S)K)] ^ H'^{X, Ko{A)'') 

This is a diagram of abelian groups by Theorem 13. 81 and Corollary 13.91 The map j is injective. This 
follows from the exactness of the sequence H^{X, R2) H^{X, R2/R1) ^ H^{X, Ri) H^{X, R2) 
induced by an inclusion of discrete abelian groups -Ri ^ R2- Let us argue that the map i is also 
injective. If ^ 7^ C, this follows from Corollary 12.211 whereas for ^ = C this was proved in 
Corollarv 14.71 The five lemma implies now that the map T : E\{X) — t- E\f^Q^{X) is injective. □ 

Finally we address the question to what extent the results (i) and (ii) of Dixmier and Douady 
mentioned in the introduction admit generalizations to our context. The following statement cor- 
responds to (i) and the first part of (ii). 

Corollary 4.9. Let B be a separable continuous field C*-algebra over a compact metrizable space 
whose fibers are Morita equivalent to the same strongly self- absorbing C*-algebra A. Suppose that 
B satisfies Fell's condition. Then for each x (z X , there is a closed neighborhood V of x with the 
following property. There exists a unital separable continuous field D over V with fibers isomorphic 
to A such that B{V) (g)K = -D(g)K. If A is finite dimensional or if X is finite dimensional, then 
-B (g) K is locally trivial and therefore we can associate to it an invariant 5(B) G E^{X) which 
classifies B <SiK up to isomorphism of continuous fields, and B up to Morita equivalence over X . 

Proof. Let x £ X. Let p and V be as in Definition 14.11 Letting D := pB{V)p we have already seen 
in the proof of Theorem 14.21 that B(V) (g) K = -D (g IC and that all the fibers of D are isomorphic 
to A. If A is finite dimensional, then A = C, and so obviously D = C{V). This corresponds to the 
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result (i) of Dixmier and Douady. If X is finite dimensional, then B{V) Cg) K = CiV) ® A (^"Khy 
Theorem 14.21 We conclude the proof by applying Theorem 13.81 □ 

As we have just seen, the class 8{B) G E\{X) is defined for continuous fields with fibers Morita 
equivalent to A which satisfy Fell's condition. Furthermore, one can associate rational characteristic 
classes to certain continuous fields which are typically very far from being locally trivial and whose 
fibers are not necessarily Morita equivalent to each other. 

Corollary 4.10. Let B he a separable continuous field C*-algehra over a finite dimensional compact 
metrizahle space whose fibers are Morita equivalent to (possibly different) strongly self-absorbing C*- 
algebras satisfying the UCT. Suppose that B satisfies Fell's condition. Then B Ooo Mq (8) IK 
is locally trivial and so we can associate "stable" rational characteristic classes to B, by defining 

Proof. The fibers B{x) ^ Ooo ® Mq (8> IK satisfy the UCT and they are stabilized strongly self- 
absorbing Kirchberg algebras. It follows by [49] that they are all isomorphic to Ooo ^ ® I^. 
Now B (8> Ooo <^ Mq (8)]fC still satisfies Fell's condition and hence it is locally trivial by Theorem 14.21 
We conclude the proof by applying Corollary 14.41 □ 
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